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Each row is represented
by a subspace.

Lowest image: 15t
dimension of mean of
subspaces (rows)

Figure: Kirby et al. 2013

This mean captures the common face across all three subspaces.
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Figure: Indian Pines dataset. Ma et al. 2021

Flag representation (left) and subspace representation (right) for crops. '
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What is a Flag?

Figure: Data (blue and red) and the chordal flag mean (purple).

X1, X € R3 orthogonal unit vectors. X = [xq,X2]

Flag manifold of type (1,2,3)

FL(1,2;3) = {|IX]] = span(x¢) C span(Xi,Xg) C ]RS} .
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Vectorize and Matrix Orthonormal Matrix
Stack Decomposition Representative
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Collection of images = multispectral image

Collection of

Collection of images = video clip

X; = vec(video frame) X; = vec(1 band).

Collect bands into groups of size /

Add a frame for each subspace )
Losp — Partial order of subspaces

— Total order of subspaces

span{q{} C --- C span{qq,...qx} C R" span{qq,...,q;} C --- C span{qy, ..., qx} C R"

Flags generalize subspaces by maintaining the order (or partial order) of the frames. '
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Computing Chordal Flag Averages

The problem of averaging flags is largely unstudied.

The Chordal Flag Mean (Mankovich et al. 2023)

The chordal flag mean can be simplified to a problem over X € R"*¥, XX =l and
found using Riemannian trust regions.

The Chordal Flag Median (Mankovich et al. 2023)

The chordal flag median can be found using iteratively reweighed chordal flag means.

Chordal Flag Median: Algorithm Convergence (Mankovich et al. 2023)

An iteration of the chordal flag median algorithm does not* increase objective function
values.

L

Mankovich IPL Chordal Distance Averages November 6, 2023 13/26



Examples
®000000

Examples

L

Mankovich IPL November 6, 2023




Examples
0O@00000

Flags vs. Subspaces

v

Mankovich IPL Chordal Distance Averages November 6, 2023 15/26



Examples
0O@00000

Flags vs. Subspaces

M FL-mean: FL(1,3;d)

GR-mean: Gr(3, d)

—

Flag averaging enforces the order of the faces.
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Synthetic Data (FL(1,3; 10))
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m Chordal flag averages- robust to outliers and noise
m Chordal flag mean- more robust estimate of chordal flag mean than Nguyen
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SE(3) = {motions in R3} = {rotation + translation in R3}
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SE(3) = {motions in R3} = {rotation + translation in R3}

Flag representation of motion

SE(3) — SO(4) — FL*(1,2,3;4) — SO(4) — SE(3)

Data: cluster of motions using
a true mean motion

Translate the motions to flags
Average the flags foo

Translate average flag to an
estimate mean motion

Compute error between
estimate and true mean

Averaging motions represented as flags is robust to noise and outliers compared to
classical motion averaging methods.
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MNIST Digits = { images handwritten digits }

Dataset: 20 ones and i nines

Represent data as planes
(GR) or lines inside planes

(flags)

Compute averages

Pass 15t dimension of
averages through pretrained
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MNIST Digits and NNs

MNIST Digits = { images handwritten digits }

Dataset: 20 ones and i nines

Represent data as planes
(GR) or lines inside planes

S 1 —6— GR-Median
(flags) % 4|+ GR-Mean F
5 4] FL-Median r
Q1 |——FL-Mean t
o 5] L
Compute averages 1 b
o
. . 0 5 10 15 20
Pass 18! dimension of Added Nines
averages through pretrained
NN and predict class
m Chordal flag averages are predicted correctly with i = 1,2,...,10 added nines.
= Median is more robust to outliers than mean. .
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LBG Clustering (UFC YouTube Dataset)

Linde-Buzo-Gray clustering using

m Distance: between flags (FL)
vs. between subspaces (GR)

m Averages: between flags (FL)
vs. between subspaces (GR)

= Averages: mean vs. median

Mankovich IPL

Examples
[e]e]e]e]e] o)

o ° o
Y 3 @
-

Cluster Purity

o
0

=
3

°
w

I FL-mean

B Fl-median
B GR-mean
B GR-median

Chordal Distance Averages
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LBG Clustering (UFC YouTube Dataset)

Linde-Buzo-Gray clustering using

0.8 + I FL-mean
B FL-median
m Distance: between flags (FL) == GRmean
vs. between subspaces (GR) 071 ¢ I Shmeder
2061 * .
= Averages: between flags (FL) 5051 ﬁ H h
vs. between subspaces (GR) 04/ H i LX)
0.3
= Averages: mean vs. median a 8 12 1 20

Codebook Size

Flag averaging improves cluster purities over averages of subspaces.
Data from Liu et al. 2009.
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Batch PCA

Split samples into groups
Do PCA on each group

Average the PCA weights
across groups

Compute error: distance
between average PCA
weights and PCA weights
with all subjects
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Batch PCA

Split samples into groups

‘I:I Flag-mean [__]Grassm. mean Euc. mean [__]Random ‘
2 P R I P R
Do PCA on each group ] | L L
15 h‘r ﬁ T T
Average the PCA weights 5,3 o T 1t
across groups W = o l 1 :
‘Daded
Compute error: distance 0 15 = - - [
between average PCA , s . . .
weights and PCA weights Number of Splits

with all subjects

Chordal flag-means produce lower errors than the other methods.
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Conclusion
0O@0000

Contributions

m Introduced the novel averages for flag manifolds

Found algorithms for computing these averages

m Proved convergence of these algorithms

Improved action clip clustering
= Introduced batch PCA

m Robust Euclidean motion averaging

For more information see Chordal Flag Averaging and its Applications.
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Conclusion
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Future Work

Mathematical guarantees
m Convexity of chordal distance function

m Convergence rates for algorithms
Dimensionality reduction
= Finding PCA weights by optimizing over flags (Ye et al. 2023)
m Principal geodesic analysis, PCA on Riemannian manifolds (Fletcher et al. 2004)
m Robust versions of PCA (Tsaskiris et al. 2019 and Neumayer et al. 2019)
= Dynamic mode decomposition, kernels and more (Baddoo et al. 2021)

m Granger Causality and PCA (Varando et al. 2022)
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Distances Between 1D Subspaces

Gr(1,2) = {[X], [Y],...}

0 is the principal angle between
[X] and [Y].

=
.
.
.
-
.
.
.
.
.
.
(Y

Geodesic distance is 6

Chordal distance is sin 0

.
.
Ill““
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Distances Between 2D Subspaces

There are k principal angles

between subspaces of dimension
Gr(2,3) ={[x], [Y],..} K,

O([X], [Y]) = 0102, -, 0]

Geodesic distance

16CIX], [YDIl2

Chordal distance

| sin(O([X], [Y])ll2
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Formalizing Subspace Prototypes

Goal: Find central subspace prototype of {[X,]}_, € Gr(k, n)

Approach: Optimization problems

Minimize Distance

p
arg min dist([X;], [Y])
[Y]eGr(k,n) ; I
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Formalizing Subspace Prototypes

Goal: Find central subspace prototype of {[X,]}_, € Gr(k, n)

Approach: Optimization problems

Minimize Distance

p
arg min dist([X;], [Y])
[Y]eGr(k,n) ; I

dist involves principal angles between subspaces (e.g., geodesic or chordal distance)!
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Average 20 examples of 7’s and 8 examples of 6’s from MNIST digits.
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GR-Median

GR-Mean

Chordal averages of subspaces are ordered subspaces.

Lower dimensions capture more signal than higher ones.
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Chordal Averages of Subspaces

Average 20 examples of 7’s and 8 examples of 6’s from MNIST digits.

. Dimension 1 , Dimension 2 , Dimension 3 . Dimension 4 R Dimension 5

GR-Median

GR-Mean

Chordal averages of subspaces are ordered subspaces.
Lower dimensions capture more signal than higher ones.

Median is more robust to outliers in dimension 5.
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Algorithm for the Chordal Grassmannian Median

Data: {[X;]}7_, C Gr(k, n).
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Algorithm for the Chordal Grassmannian Median

Data: {[X;]}7_, C Gr(k, n).
Chordal Grassmannian median (Mankovich et al. 2022):
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Algorithm for the Chordal Grassmannian Median

Data: {[X;]}7_, C Gr(k, n).
Chordal Grassmannian median (Mankovich et al. 2022):

P
argmin > [|sin O([X], [Y])|l,

YeGr(k,n) i
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Algorithm for the Chordal Grassmannian Median

Data: {[X;]}7_, C Gr(k, n).
Chordal Grassmannian median (Mankovich et al. 2022):

P
argmin > [|sin O([X], [Y])|l,

YeGr(k,n) i

Algorithm (Mankovich et al. 2022)
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Algorithm for the Chordal Grassmannian Median

Data: {[X;]}7_, C Gr(k, n).
Chordal Grassmannian median (Mankovich et al. 2022):

P
argmin > [|sin O([X], [Y])|l,

YeGr(k,n) i

Algorithm (Mankovich et al. 2022)
Initialize [Y] € Gr(k, n).
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Algorithm for the Chordal Grassmannian Median

Data: {[X;]}7_, C Gr(k, n).
Chordal Grassmannian median (Mankovich et al. 2022):

P
argmin > [|sin O([X], [Y])|l,

YeGr(k,n) i

Algorithm (Mankovich et al. 2022)
Initialize [Y] € Gr(k, n).
Repeat until convergence:
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Algorithm for the Chordal Grassmannian Median

Data: {[X;]}7_, C Gr(k, n).
Chordal Grassmannian median (Mankovich et al. 2022):
P
arg min sin 0([Xi], [Y
YeGr(k,n),Z:; lIsin O(1Xi], [YDIl2
Algorithm (Mankovich et al. 2022)
Initialize [Y] € Gr(k, n).

Repeat until convergence:
1

m asSIgN W, K Do <]
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Algorithm for the Chordal Grassmannian Median

Data: {[X;]}7_, C Gr(k, n).
Chordal Grassmannian median (Mankovich et al. 2022):
P
arg min sin 0([Xi], [Y
YeGr(k,n),Z:; lIsin O(1Xi], [YDIl2
Algorithm (Mankovich et al. 2022)
Initialize [Y] € Gr(k, n).

Repeat until convergence:
1
max{[|sin 6((X;1,[Y]) [l }

m Y « chordal Grassmannian mean ({/W1 X1, /WaXz, -+, /WpXp})

= assign w; «
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Algorithm for the Chordal Grassmannian Median

Data: {[X;]}7_, C Gr(k, n).
Chordal Grassmannian median (Mankovich et al. 2022):
P
arg min sin 0([Xi], [Y
YeGr(k,n),Z:; lIsin O(1Xi], [YDIl2
Algorithm (Mankovich et al. 2022)
Initialize [Y] € Gr(k, n).

Repeat until convergence:
1
max{[|sin 6((X;1,[Y]) [l }

m Y « chordal Grassmannian mean ({/W1 X1, /WaXz, -+, /WpXp})

= assign w; «

Proposition (Mankovich 2023)
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Algorithm for the Chordal Grassmannian Median

Data: {[X;]}7_, C Gr(k, n).
Chordal Grassmannian median (Mankovich et al. 2022):
P
arg min sin 0([Xi], [Y
YeGr(k,n),Z:; lIsin O(1Xi], [YDIl2
Algorithm (Mankovich et al. 2022)
Initialize [Y] € Gr(k, n).

Repeat until convergence:
1
max{[|sin 6((X;1,[Y]) [l }

m Y « chordal Grassmannian mean ({/W1 X1, /WaXz, -+, /WpXp})

= assign w; «

Proposition (Mankovich 2023)

f : Gr(k, n) — R chordal Grassmannian median objective function.
T : Gr(k, n) — Gr(k, n) iteration of algorithm.
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Algorithm for the Chordal Grassmannian Median

Data: {[X;]}7_, C Gr(k, n).
Chordal Grassmannian median (Mankovich et al. 2022):
P
arg min sin 0([Xi], [Y
YeGr(k,n),Z:; lIsin O(1Xi], [YDIl2
Algorithm (Mankovich et al. 2022)
Initialize [Y] € Gr(k, n).

Repeat until convergence:
1
max{[|sin 6((X;1,[Y]) [l }

m Y « chordal Grassmannian mean ({/W1 X1, /WaXz, -+, /WpXp})

= assign w; «

Proposition (Mankovich 2023)

f : Gr(k, n) — R chordal Grassmannian median objective function.
T : Gr(k, n) — Gr(k, n) iteration of algorithm. Then

pe
HT(IYD) < A(IYD) + .
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More Examples of Flags

Subspaces vs Flags of Subspaces

span(xy, Xz, X3) C R* vs. span(xy) C span(xq, X, X3) C R*
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More Examples of Flags

Subspaces vs Flags of Subspaces

span(xy, Xz, X3) C R* vs. span(xy) C span(xq, X, X3) C R*

SVD
X e Rk X=UxVT

span(uy) C span(uy,up) C -+ C span(uy, Ug,...,Ux) C R”
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More Examples of Flags

Subspaces vs Flags of Subspaces

span(xy, Xz, X3) C R* vs. span(xy) C span(xq, X, X3) C R*

SVD
X e Rk X=UxVT

span(uy) C span(uy,up) C -+ C span(uy, Ug,...,Ux) C R”

Euclidean Motion (Selig 2005 and Ozyesil et al. 2018)

SE(3) — SO(4) — FLT(1,2,3;4) — SO(4) — SE(3)
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The Flag Manifold FL(dy, b, . .., dk; n)
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The Flag Manifold FL(dy, b, . .., dk; n)

m Let S; be a subspace. dim(S;) = d;

FL(n+1) = FL(dy, b, ..., d;n) ={S1 C S C --- C Sk C R"}
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m Let S; be a subspace. dim(S;) = d;

FL(n+1) = FL(dy, b, ..., d;n) ={S1 C S C --- C Sk C R"}

= Formally,
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The Flag Manifold FL(dy, b, . .., dk; n)

m Let S; be a subspace. dim(S;) = d;

FL(n+1) = FL(dy, b, ..., d;n) ={S1 C S C --- C Sk C R"}

= Formally,

SOo(n)
S(0(dr) x O(d2) x -+ x O(dk) x O(n — d))
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The Flag Manifold FL(dy, b, . .., dk; n)

m Let S; be a subspace. dim(S;) = d;
FL(n+1) = FL(dy,db,...,d;n) ={S1 C S C---C Sk CR"}

= Formally,

So(n) L {XeRrRm™d : XTX=1}
S(O(dh) x O(de) x -+ x O(dk) x O(n—dy)) ~ O(my) x O(mg) x --- x O(my)

where m; = d; — d;_1.
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The Flag Manifold FL(dy, b, . .., dk; n)

m Let S; be a subspace. dim(S;) = d;
FL(n+1) = FL(dy,db,...,d;n) ={S1 C S C---C Sk CR"}

= Formally,

So(n) L {XeRrRm™d : XTX=1}
S(O(dh) x O(de) x -+ x O(dk) x O(n—dy)) ~ O(my) x O(mg) x --- x O(my)

where m; = d; — d;_1.

m [X] € FL(n+ 1), X = [X1, Xz, ..., Xk, and X; € R M«
[X] = span{X;} C --- C span{Xy,...,Xx} CR"
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The Flag Manifold FL(dy, b, . .., dk; n)

m Let S; be a subspace. dim(S;) = d;

FL(n+1) = FL(dy, b, ..., d;n) ={S1 C S C --- C Sk C R"}

= Formally,

So(n) L {XeRrRm™d : XTX=1}
S(O(dh) x O(de) x -+ x O(dk) x O(n—dy)) ~ O(my) x O(mg) x --- x O(my)

where m; = d; — d;_1.

m [X] € FL(n+ 1), X = [X;,Xo,. .., X4], and X; € R"Mk

[X] = span{X;} C --- C span{Xy,...,Xx} CR"

See Ye et al. 2022 for more information
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Notation... Ugh

In general

[X] € FL(d}, b, . .., dk; d) = FL(n+ 1)
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[X] € FL(dy, b, ..., dk;d) = FL(n+ 1) [X] € FL(1,3;5)
X e RKXd gnd XTX = | B XeR>*3and XX =1
B X=Xy, Xo,...,Xe] and X; € RIX B X=Xy, X2], Xg € R*XT, X, € R4*2

m; = dj — dj—4
span{X;} C span{X;,Xo} C R®
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Translating to the Stiefel Manifold
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Translating to the Stiefel Manifold

I; identity matrix with some zeros on the diagonal.
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Translating to the Stiefel Manifold

I; identity matrix with some zeros on the diagonal.

P; projection matrix is a function of XI(.'), ajfori=1,2,...,p
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Translating to the Stiefel Manifold

I; identity matrix with some zeros on the diagonal.

P; projection matrix is a function of XI(.'), ajfori=1,2,...,p

Proposition (Mankoivich, Birdal 2023)
The chordal flag mean optimization problem is equivalent to

k
Yeg?(lgk,n);mj —r(YTP}Y).

v

Mankovich IPL Chordal Distance Averages November 6, 2023 41/26



Backup Slides
0000000000000 0e00

Translating to the Stiefel Manifold

I; identity matrix with some zeros on the diagonal.

P; projection matrix is a function of XI(.'), ajfori=1,2,...,p

Proposition (Mankoivich, Birdal 2023)
The chordal flag mean optimization problem is equivalent to

k
Yeg?(lgk,n);mj —r(YTP}Y).

Proposition (Mankoivich, Birdal 2023)

The chordal flag median optimization problem can be approximated by a weighted
chordal flag mean with weights

K .
) = E max {dc(ﬂX(”')]l, YD), e}

J=1 .
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Chordal Distance Between Flags

Let [X], [Y] € FL(n + 1).
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Chordal Distance Between Flags

Let [X], [Y] € FL(n+ 1). Measure distance between each Gr(mj, n).

[[X]] = [Xll XZI et Xk]

Yll=lr, Y, ..., Yl
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Chordal Distance Between Flags

Let [X], [Y] € FL(n+ 1). Measure distance between each Gr(mj, n).

[X]] - [Xll XZI et Xk]

Yll=lr, Y, ..., Yl

Chordal Distance Between Flags (Pitaval at al. 2013)

k
Ao(IX, IYD) = | > IIsin 6(1X)1, [Y;D)13.
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Chordal Flag Mean and Median

Data: {[X;]}"_, € FL(n+1).
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Chordal Flag Mean and Median

Data: {[X;]}"_, € FL(n+1).

Chordal flag mean
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Chordal Flag Mean and Median

Data: {[X;]}"_, € FL(n+1).

Chordal flag mean

arg min ch X1, |IY]])

[YIEFL(n+1)
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Chordal Flag Mean and Median

Data: {[X;]}"_, € FL(n+1).

Chordal flag mean Chordal flag median

arg min ch X1, |IY]])

[YIEFL(n+1)

v

Mankovich IPL Chordal Distance Averages November 6, 2023 43/26



Backup Slides
0000000000000 000e

Chordal Flag Mean and Median

Data: {[X;]}"_, € FL(n+1).

Chordal flag mean Chordal flag median
arg min de([X1, [Y arg min de([Xi1, IY
[Y]eFL(n+1) Z ¢ II ,]] II ]]) [Y]GFL(n+1); C(|[ I]I |[ ]I)

v

Mankovich IPL Chordal Distance Averages November 6, 2023 43/26



Backup Slides

0000000000000 000e

Chordal Flag Mean and Median

Data: {[X;]}"_, € FL(n+1).

Chordal flag mean Chordal flag median
arg min de([X1, [Y arg min de([Xi1, IY
[Y]eFL(n+1) Z ¢ II ,]] II ]]) [Y]EFL(n+1); C(|[ I]I |[ ]I)

Algorithm- chordal flag mean (Mankovich and Birdal 2023)

= Translate to a problem over Y € R"*% subjectto Y7Y =1
m Solve using Stiefel manifold optimization
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Algorithm- chordal flag mean (Mankovich and Birdal 2023)

= Translate to a problem over Y € R"*% subjectto Y7Y =1
m Solve using Stiefel manifold optimization

Algorithm- chordal flag median (Mankovich and Birdal 2023)
Initialize [Y] € FL(n + 1). Repeat until convergence:

= assign w;
m [Y] « chordal flag mean ({/wi[X/]}5_,)

Proposition (Convergence of Chordal Flag Mean (Mankovich and Birdal 2023)) '
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Initialize [Y] € FL(n + 1). Repeat until convergence:

= assign w;
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Proposition (Convergence of Chordal Flag Mean (Mankovich and Birdal 2023)) '
f: Gr(k, n) —-R ob/ectlve functlon
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